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Fig. 2 Stoichiometric minimum and maximum � ame contours under
gravity and � ame contour under microgravity.

combustion chamber. These contours are only a small region in the
concentration pro� le, and the measured data include much more
information,such as the burnout and the thicknessof the � ames. As
expected, the calculated thermal and stoichiometric contours differ
from the visualones.Thesehave to be consideredfor the veri� cation
of the numerical models by experimentally determined contours.

Summary
The investigated hydrogen air � ames are strongly in� uenced by

buoyancy.Gravity� amesshowa characteristic� ickering,whichdis-
appears under microgravity.This fact con� rms the correlation with
the buoyancy. It may be concluded from visual investigations that
the � ames under microgravityare bigger and less bright than � ames
undergravity.The microthermocouplesemployedarewell suitedfor
the measurement of the two-dimensionaltemperature pro� le inside
the combustion chamber. This method is relatively inexpensive in
comparisonto thedifferentlaser techniquesinasmuchas theapplica-
tion of lasersundermicrogravity is just beginning.Nevertheless,the
measured temperature pro� le describes the evolution of the � ame
contourquantitatively.The oxygenconcentrationpro� le of a hydro-
gen diffusion � ame was determined by means of solid electrolyte
sensorsand,hence,thecontourof the � ame.The sensorsignalsshow
the quantitative differences between the gravity and microgravity
cases. The data show that there is � ickering under gravity and con-
tinuousgrowth undermicrogravity.In the gravity case, it is possible
to calculate a minimum and a maximum contour. The microgravity
contourat the end of the drop is larger than that undernormalgravity
conditions.This shows that gaspotentiometrywith solid electrolyte
sensors is very useful, especially because the sensors are easier
to handle and more cost effective than laser-based methods. This
methodhas great potential;however, it is not a nonintrusivemethod,
and the in� uenceson the investigatedprocessesshouldbe evaluated.
The described techniquesallow a quantitative analysis of the � ame
behaviorunder gravity and microgravity and add informationabout
the � ame to the usual video techniques. The collected data can be
used for evaluation of numerical simulations and � ame length cal-
culations.The data show signi� cant differences between visual ob-
servations and thermal and stoichiometrical contours. This must be
taken into account for the comparison with numerical simulations.
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Nomenclature
AD = area of pipe containing American Society of Mechanical

Engineers (ASME) nozzle meter, m2

Ad = area of ASME nozzle meter throat, m2

C = ASME nozzle meter discharge coef� cient
D = diameter of pipe containing ASME nozzle meter, m
d = throat diameter of ASME nozzle meter, m
qm = mass � ow rate of � uid in pipe, kg/s
Re1 = Reynolds number based on pipe diameter, V1 D=À1

V1 = actual upstream � uid velocity in pipe, m/s
1p = differential pressure, Pa
¯ = d=D
"1 = expansion factor based on upstream pressure
½1 = density of � owing � uid upstream of ASME nozzle meter,

kg/m3
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Introduction

T HE mass � ow rate of a � uid in a pipe using a nozzle meter is
determined by the following equation1 in SI units:

qm D ¼

4
C"1d2 21p½1

1 ¡ ¯4
(1)

Within the limits of the American Society of MechanicalEngineers
(ASME) standards, the discharge coef� cient C is dependent on the
upstream Reynolds number Re1 in the pipe, which is itself depen-
dent on the mass � ow rate. Therefore, when determining the mass
� ow rate, the solution is usually obtainedby iteration from an initial
chosen value of discharge coef� cient or Reynolds number. Most
data acquisition systems allow a limited amount of data condition-
ing and recording of calculated values. However, the limited data
conditioning is only rarely capable of effective iteration, especially
at high sampling rates. This Note describes the development of an
exact analytical equation that can be used for determining the � ow
rate of a � uid through a pipe using a nozzle meter without the need
for iterations.

Derivation of Mathematical Solution
The followinganalysisis conductedusing theSI formof theequa-

tion. The U.S.-units-of-measure form of the equation is analogous.
When used in accordance with the ASME standard, the coef� cient
of discharge of ASME � ow nozzles with wall taps is given by the
following:

C D 0:9975 ¡ 0:00653 106¯ Re1
0:5

(2)

Equation (2) is valid for ¯ values between 0.2 and 0.8 and Reynolds
numbers between 104 and 6 £ 106. These ¯ and Reynolds number
values correspond to a maximum and minimum discharge coef� -
cient of 0.9963 and 0.9391, respectively. Theory suggests that the
exponent should go to 0.2 for Reynolds numbers greater than 106,
but the difference is so small that it is dif� cult to con� rm experi-
mentally.

Substituting Eq. (2) into Eq. (1) and rearranging gives

qm D k1C D k1k2 ¡ k1k3 Re1 (3)

where k1 D Ad "1
p

[21p½1=.1 ¡ ¯4/], k2 D 0:9975, and k3 D
0:00653

p
.106¯/. Substituting the de� nition for Reynolds number

(Re1 D V1 D=À1/ andmass � ow rate (qm D ½1V1 AD ) intoEq. (3) and
rearranging gives a cubic equation in

p
V1. Letting x D

p
V1 > 0,

we can write

x3 C ax C b D 0 (4)

where a D .¡k1k2/=½1 AD and b D [k1k3
p

.À1=D/]=½1 AD .
It can be shown that the cubic discriminant is less than zero for

all nozzle meters that comply with the ASME standards. The dis-
criminant D0 for the cubic equation is

D 0 D .b2=4/ C .a3=27/ < 0 (5)

Substituting the equations for a; b; k1; k2 , and k3 and Eq. (3) into
Eq. (5) and simplifying gives

290¯C < Re1 (6)

Thus, the discriminant has a negative value whenever the Reynolds
number Re1 is larger than 290. However, the equation for C , given
by ASME standards, requires that the Reynolds number Re1 be
greater than 104. Therefore, one can conclude that the discriminant
is always negative. For this condition there will be three real and
unequal roots. The three real roots will have the following values2:

x D 2 .¡a=3/ cos[.Á=3/ C N ] (7)

where

cos.Á/ D
¡b

2 ¡a3=27
(8)

and N is 0, 120, or 240 deg.

Process of Elimination of Roots
Substituting the equations for a; b; k2 , and k3 and Eq. (3) into

Eq. (8) and simplifying gives

cos.Á/ D ¡17:029 ¯C=Re1 (9)

Each of the factors, ¯; C , and Reynolds number Re1, has a limited
range, and ¯ must lie between 0.2 and 0.8. The Reynolds number
Re1 must lie between1£104 and 6£106 . For this rangeof Reynolds
number Re1 , coef� cient C must lie between 0.9391 and 0.9963
as stated earlier. Using Eq. (9) and extreme values for ¯; C , and
Reynolds number Re1, one can demonstrate that cos.Á/ must lie
between ¡0:15203 and ¡0:003013. For example, the lower limit is
calculatedusing the maximum values for ¯ and C and the minimum
value for Reynolds number Re1 . Thus, the lower limit for cos.Á/ is
¡17:029

p
.0:8 £ 0:9963=1 £ 104/ D ¡0:15203. With this limited

range for cos.Á/, the principalvalue for Á lies in the range of 90.17–

98.74 deg.
If we let

t D cos.Á=3 C N / (10)

substitute term a into Eq. (7), and simplify, we can write the follow-
ing equation:

x D 2t
V1.0:9975/

3C
(11)

If we substitute x D
p

V1 into Eq. (11) and solve for term t , we get

t D .0:86711/
p

C (12)

As mentioned earlier, the maximum and minimum values of C are
0.9963 and 0.9391, respectively. These values of C correspond to
a maximum and minimum value of t equal to 0.8655 and 0.8403,
respectively. We will use this range of t to eliminate two of the
possible roots.

For N D 120 deg, term t from Eq. (10) is in the range from
¡0.8903 to ¡0.8665. Thus, no solution for N D 120 deg is valid.
For N D 240 deg, term t from Eq. (10) is in the range from 0.0010
to 0.0508. Thus, no solution for N D 240 deg is valid. Finally, for
N D 0 deg, term t from Eq. (10) is in the range from 0.8395 to
0.8655. Therefore, we can conclude that N must be equal to 0 deg.

Final Form of Equations
The terms involved in the solution for V1 may be simpli� ed as

follows:

a D ¡0:9975"1
21p¯4

½1.1 ¡ ¯4/
(13)

b D ¡6:546a ¯À1=D (14)

Á D arccos
¡b

2 ¡a3=27
(15)

where Á 2 [90; 180] (deg), and � nally,

V1 D x2 D
¡4a cos2.Á=3/

3
(16)

Once V1 is determined, mass � ow rate can be calculated directly
from the continuity equation.

Conclusions
An exact analytical solution for � ow through an ASME standard

nozzle meter exists. The traditional use of iterative methods or ap-
proximations of C as constant is no longer required. This solution
is helpful for installations that use ASME nozzle meter readings to
record � ow data. Using the explicit equation presented here, direct
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� ow readouts can be provided that accountfor variationsof all mea-
sured parameters.
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Introduction

T URBULENT shear layers are known to be very sensitive to
the imposition of a system rotation.The classic experimentsof

Johnstonet al.,1 for example, conductedin a channel rotated about a
spanwiseaxis, show that the turbulenceis augmentedon thepressure
side and diminished on the suction side, relative to the nonrotating
� ow. At high rates of rotation, turbulenceis extinguishedaltogether
on the suction side, and the � ow is seen to assume a laminar-like
state. Effects such as these have highlighted serious shortcomings
in eddy-viscosity-based closures as these, in most cases, contain
no explicit dependence on rotation.2 Such a dependence is present
in the exact equations for the Reynolds stresses, and thus closures
based on the solution of either the algebraic3 or the differential4

forms of these equationscan be relied on to reproduce,qualitatively
at any rate, the correct response to a system rotation. In this Note,
we consider certain aspects of modeling the effects of a system
rotationon the Reynolds-stressequationsand put forwardproposals
for extending the applicabilityof existing pressure-strainmodels to
rotating coordinate systems. We check the proposals by computing
a fully developed fUi D [U .y/; 0; 0]g turbulent � ow inside a long,
straight channel subjected to rotation about a spanwise axis, i.e.,
Äi D .0; 0; Ä/. The channel has an in� nite aspect ratio, and so
no secondary � ows are generated. Comparisons are made with the
experimental data of Johnston et al.1 and with the recent direct
numerical simulations of Kristoffersen and Andersson.5 Interest in
this � ow stems from its being numerically trivial to represent yet
one that is representativeof many practically relevant � ows whose
behavior is strongly dominated by a system rotation.6;7 This study
extends the validation to higher rotation rates than hitherto reported
in the literature and, in doing so, obtains a somewhat unexpected
result.
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Present Proposal
The equation for the Reynolds stresses in a rotating frame of

reference are
Convection: Ci j

Uk
@u i u j

@xk

D ¡

Shear production: Pi j

u i uk
@U j

@xk

C u j uk
@Ui

@xk

¡

Rotation production: G i j

2Äk .u j um ²ikm C u i um² jkm /

¡

Diffusion: Di j

@

@xk
u i u j uk C 1

½
.p0ui ± jk C p0u j ±ik / ¡ º

@u i u j

@xk

¡ 2º
@ui

@xk

@u j

@xk

Dissipation: ²i j

C
p0

½
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@xi

Redistribution: 8i j

(1)

We focus here on modeling the � uctuating pressure-strain correla-
tions term 8i j in the precedingequation.The explicit appearanceof
the � uctuating pressure can be eliminated by taking the divergence
for the � uctuating velocityu i , thus obtaininga Poisson equation for
p0. With the assumption of homogeneous turbulence, the solution
to this equation can be expressed as

8i j ´
p0

½
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@x j
C

@u j

@xi
D ¡ 1
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@x 0
k x 0

l

@ui

@x j
C

@u j

@xi

dvol
r

¡ 1

2¼

@U 0
k

@x 0
l

@u0
l

@x 0
k

@ui

@x j
C

@u j

@ xi

dvol

r

¡ 1

2¼
²i jk Ä j

@u 0
k

@x 0
l

@u i

@x j
C @u j

@xi

dvol

r
(2)

It is immediately clear that the effects of rotationmust be accounted
for explicitly in the models for 8i j . These models are fairly well
established for stationary � ows, and the question that arises here is
how best to extend these to � ows with a system rotation. In address-
ing this question, note that, in a rotating frame, both Pi j and G i j

(quantities that commonly appear in the models for 8i j ) are depen-
dent on the frame’s rotation rate, whereas turbulence is, of course,
entirely independent of the choice of coordinates system used to
analyze the � ow. A primary requirement in the model, therefore, is
that it should yield identical results irrespectiveof whether it is used
in conjunction with a � xed or rotating frame of reference. In this
connection, it is helpful to discard the traditional, term-by-term ap-
proach to modeling 8i j in favor of a more widely based formulation
that recognizes that a complete model for 8i j may be obtained as
a combination of terms involving the turbulence anisotropybi j , the
mean rate of strain tensor Si j , and the mean vorticitytensor Wi j , viz.,

8i j D ¡ C1² C C ¤
1 Pk bi j C C2² bik bk j ¡ 1

3
bkl bkl±i j

C C3 ¡ C¤
3 I I

1
2

b kSi j C C4k bi k S j k C b jk Sik ¡ 2
3
bkl Skl ±i j

C C5k.bik W jk C b jk Wik / (3)

where

Si j D 1

2

@Ui

@x j
C

@U j

@xi
; Wi j D 1

2

@Ui

@x j
¡

@U j

@xi

(4)

bi j D
ui u j

uquq
¡ 1

3
±i j ; I Ib D bi j bi j

Thus the linear model of Launder et al.8 (hereafter LRR), its sim-
pli� cation (LRR-IP), and the quadratic model of Speziale et al.9


